Abstract. In the paper the three different mathematical models of motion of a spin-stabilized, conventional artillery projectile, possessing at least trigonal symmetry, have been introduced. The vector six-degrees-of-freedom (6-DOF) differential equations of motion are an updated edition of those published by Lieske and McCoy and are consistent with STANAG 4355 (Ed. 3). The mathematical models have been used to developing software for simulating the flight of the Denel 155mm Assegai M2000 series artillery projectile and to conduct comprehensive research of the influence of the applied model and integration step on the accuracy and time of computation of projectile trajectory.
Introduction
The model representing the projectile as a rigid body with six degrees of freedom is the main mathematical model (in short 6-DOF model) that enables testing dynamic properties of motion of ground artillery projectiles [1] . Typically, modeling assumes that the projectile is exposed to full aerodynamic force, including the Magnus force and moment, gravity force, Coriolis force caused by the Earth's rotation and, possibly, rocket engine thrust (for projectiles with propulsion). Much of the form of the mathematical model depends on: the coordinate system used to derive of dynamic projectile motion equations, angles that are used for describing aerodynamic forces and moments and the method of constructing kinematic equations of motion.
Literature, mainly that concerned with aviation technologies, uses mostly Euler angles or quasi-Euler angles (often called as aviation angles in the context of flight dynamics [2, 3] ) but also, increasingly more frequently, Euler [4, 5] , Rodriguez-Hamilton [6] or Cayley-Klein [4] [5] [6] parameters for constructing kinematic equations of motion (or kinematic relations). Selecting a mathematical form of kinematic equations of motion is motivated by the wish to avoid numerical singularities (division by zero) for some object positions in space. Using kinematic direction cosines for projectile axes of symmetry [7] can be an alternative to using Euler angles and parameters.
Principles of classical mechanics are used in developing the 6DOF model. They are often used when constructing the equations of motion of flying objects [2, 8] which are the alternative to methods based on the principles of analytical mechanics. Among these methods we can distinguish ones based on inertial generalized coordinates and referring directly to Hamilton's principle or Lagrange equations [9] , and methods involving the use of equations of analytical mechanics in quasi-coordinates e.g. Boltzmann-Hamel equations [10] .
The paper presents the following 6-DOF mathematical models different in both dynamic and kinematic equations of motion and the methods of describing aerodynamic forces and moments acting on the projectile in flight:
1. Model using the ground-fixed system: equations for both translational and rotational motion are derived in the ground-fixed system O 0 123 ( Fig. 1 ), kinematic equations of rotational motion are used direction cosines of the axes of symmetry of the projectile instead of quasi-Euler angles, while aerodynamic forces and moments are determined basing on the total angle of attack α t ( Fig. 1 ) [7, 11] ; 2. Model using the body axis system: equations for both translational and rotational motion are derived in the body axis system Oxyz, kinematic equations of rotational motion are used quasi-Euler angles Ψ, Θ, Φ (often called as aviation angles), while aerodynamic forces and moments are determined using angle of attack α and angle of sideslip β [3]; 3. Model using the velocity axis system: equations of motion of center of mass are derived in the velocity axis system Ox k y k z k , equations of rotational motion about the center of mass are derived in the body axis system Oxyz, kinematic equations of rotational motion are used quasi-Euler angles Ψ, Θ, Φ, while aerodynamic forces and moments are determined using angle of attack α and angle of sideslip β.
The foregoing mathematical models have been used to developing software for simulating the flight of the Denel 155 mm artillery projectile (Assegai M2000 series) and to conduct comprehensive research of the influence of the applied model and integration step on the accuracy and time of computation of projectile trajectory.
Mathematical model of flight dynamics of the projectile as a rigid body in the ground-fixed system
The mathematical model of flight dynamics of the projectile as a rigid body in the ground-fixed system uses the right-handed orthonormal Cartesian coordinate system O 0 123 referenced to the gun position ( Fig. 1) , defined in STANAG 4355 ed. 3. The location of the projectile center of mass relative to the ground-fixed system is defined by vector X. The vector of velocity of the projectile relative to air v is the difference between the vector of velocity of the projectile relative to the ground u and the vector of velocity of wind w. The description of aerodynamic forces and moments affecting the projectile in flight use the total angle of attack α t contained between the longitudinal axis of the projectile Ox and the vector of velocity of the projectile relative to air v ( Fig. 1 ) and two unit vectors (versors) x and i V applied to the center of mass of the projectile: -Unit vector x runs along the axis of symmetry of the projectile towards the tip (Fig. 1) , in the ground-fixed system it has components identified as follows x = [x 1 , x 2 , x 3 ]; -Unit vector i V runs along the axis overlapping with the vector of velocity of the projectile relative to air v, in the ground-fixed system it has components identified as follows
2.1.
Vector form of equations of projectile motion in the ground-fixed system. In the ground-fixed system, vector differential equations of motion of the projectile as a rigid body can be derived from the law of change of linear momentum mu and of angular momentum of the body relative to the projectile center of mass H. The total angular momentum of the rotationally symmetric body can now be expressed as the sum of two vectors [7] :
-the angular momentum about x (spin axis):
-and the angular momentum about an axis perpendicular to x:
where p is the rate of roll (axial spin), I x is the moment of inertia about the spin axis, and I y is the moment of inertia about any axis perpendicular to the spin axis. Therefore, the total angular momentum of the projectile can be represented by the vector:
In its final vector form, the mathematical model contains the following groups of equations [11] :
-Vector differential equations of motion of the projectile center of mass:
-Vector differential equations of rotational motion about the projectile center of mass:
Aerodynamic forces and moments occurring in the equations of motion were defined according to the BRL Aeroballistic System [7] while retaining conformity of the notation with STANAG 4355 [11] , a NATO official standardization agreement.
The aerodynamic drag force DF opposes the forward velocity of the projectile is given as Eq. (5a), and the scalar magnitude of the force is stated as Eq. (5b):
where
The aerodynamic lift force LF is proportional to the sine of the total angle of attack and always acts perpendicular to the trajectory in the plane containing both the trajectory and the projectile axis of rotational symmetry. The lift force is stated in vector and scalar forms:
The Magnus force MF is produced by unequal pressures on opposite sides of a spinning body. The unequal pressures are the result of viscous interaction between the fluid and 
where C mag−f -Magnus force coefficient, pd v -normalized rate of roll, d -the projectile reference diameter.
The Magnus moment MM can be either positive or negative, depending on the projectile shape, the center of mass location, the amplitude of α t and the flight Mach number. The Magnus moment is defined by the vector and scalar equations:
where C mag−m -Magnus moment coefficient. The overturning moment OM is the aerodynamic moment associated with the lift force. If the projectile nose lies above its trajectory, a positive overturning moment acts to increase the total angle of attack. The overturning moment is given by the vector and scalar equations:
The spin damping moment SDM opposes the spin of the projectile; it always reduces the axial spin. The vector spin damping moment is defined as Eq. (10a), and the scalar magnitude is given by Eq. (10b)
where C spin -spin damping moment coefficient. The pitch damping moment PDM contains two parts, one part proportional to transverse angular velocity q t and a second part proportional to the rate of change of the total angle of attackα t . Because of q t andα t are virtually identical in practice, and the pitch damping moment is well approximated by expressions:
where C Mq -pitch damping moment coefficient due to q t , C Mα -pitch damping moment coefficient due toα t . (5)- (11) can be transformed to the following form:
Using the vector calculus rules and substitution
A spherical model of the Earth is given, the gravity force vector can be presented in the ground-fixed system as follows:
where r = X − R -defines the position of the projectile relative to the center of mass of the Earth, R = 6356766 [m] -radius of the sphere, locally approximating the geoid, g 0 = 9.80665(1 − 0.0026 cos(2lat)) [m/s 2 ] -magnitude of acceleration due to gravity at mean sea level, lat -latitude of launch point; for southern hemisphere lat is negative [deg] .
The Coriolis force can be expressed with the following known equation:
where Ω z -vector of angular velocity of the earth and its components in ground-fixed system O 0 123, -Dynamic differential equations of motion of the projectile center of mass derived from Eq. (3a):
-Kinematic differential equations of motion of the projectile center of mass derived from Eq. (3b):
-Dynamic differential equations of rotational motion about the projectile center of mass derived from Eq. (4a):
-Kinematic differential equations of rotational motion about the projectile center of mass for direction cosines derived from Eq. (4b):
-Equations defining the total angle of attack derived from the equation for scalar product:
-Equations for components and absolute value of the vector of projectile velocity in air: Effect of the mathematical model and integration step on the accuracy...
-Equations for initial conditions:
x 1 (t = 0) = cos(QE) cos(∆AZ),
x 3 (t = 0) = cos(QE) sin(∆AZ), 
Mathematical models of flight dynamics
of the projectile as a rigid body in systems moving together with the projectile
The modeling of flight dynamics of the projectile as a rigid body in systems moving together with the projectile uses the standard coordinate systems conforming to Polish and International Standard ISO 1151 [3] and the velocity axis system Ox k y k z k (Fig. 2 ) defined as follows: the origin of the system overlaps with the center of mass of the projectile, axis x k follows the vector of velocity of the projectile relative to the ground u, axis z k lays on the vertical plane crossing the vector of velocity u and is oriented down, axis y k lays on the horizontal plane and completes the system to make it the right-handed one. The determination of aerodynamic forces and moments affecting the projectile in flight uses the following: angle of attack α and angle of sideslip β. Then, the transformation matrix between the air-path axis system Ox a y a z a and the body axis system Oxyz has the following form:
The description of the vector of the projectile velocity u position relative to the normal earth axis system uses the following: azimuth angle of the projectile velocity χ, and inclination angle of the projectile velocity γ. The derived transformation matrix between the normal earth axis system Ox g y g z g and the velocity axis system Ox k y k z k has the following form: The description of the projectile position relative to the normal earth axis system uses the following: azimuth angle Ψ, inclination angle Θ and bank angle Φ. The derived transformation matrix between the normal earth axis system Ox g y g z g and the body axis system Oxyz has the following form: 
Vector form of equations of projectile motion in systems moving together with the projectile.
Based on the law of change of momentum and angular momentum, spatial motion of the projectile as a rigid body can be described in the system moving together with the projectile and centered in the center of mass of the projectile with the following vector equations [2] :
where Ω r -vector of angular velocity of the system moving together with the projectile relative to the normal earth axis system Ox g y g z g , R A = [X 
The scalar form of the foregoing vector equations (within appropriate coordinate systems), together with the complementary equations, represents a mathematical model of motion of the projectile as a rigid body in real conditions.
Mathematical model of the projectile motion in the body axis system
Oxyz. If motion of the projectile is referred to the body axis system Oxyz overlapping with the principal central axes of inertia, the mathematical model of motion of the projectile as a rigid body can be described with the following groups of equations in the vector-matrix form:
-Dynamic differential equations of motion of the projectile center of mass (35) For spherical model of the Earth, components of gravitational acceleration in the system Ox g y g z g can be expressed as follows [13] 
-Kinematic differential equations of motion of the projectile center of mass   ẋ 
Transforming Eq. (41b) provides an equation for the angle of sideslip:
And dividing Eq. (41c) by Eq. (41a) provides an equation for the angle of attack
-Complementary equation
where u , v -projectile velocity with respect to the ground and respect to the air, respectively, [v x , v y , v z ] -components of vector of projectile velocity with respect to the air v in the body axis system Oxyz, [u x , u y , u z ] -components of vector of projectile velocity with respect to the ground u in the body axis system Oxyz, [u xg , u yg , u zg ] -components of vector of projectile velocity with respect to the ground u in the normal earth axis system Ox g y g z g , [w xg , w yg , w zg ] -components of vector of wind velocity with respect to the ground w in the normal earth axis system Ox g y g z g , [w x , w y , w z ] -components of vector of wind velocity with respect to the ground w in the body axis system Oxyz,
-Equations for initial conditions
Mathematical model of the projectile motion in the velocity axis system
Ox k y k z k . In this model, the dynamic differential equations of motion of the projectile center of mass have been derived in velocity axis system Ox k y k z k and the dynamic differential equations of rotational motion about the projectile center of mass in the body axis system Oxyz.
The following is a complete system of equations:
-Dynamic differential equations of motion of the projectile center of mass in the velocity axis system Ox k y k z k :
-Kinematic differential equations of motion of the projectile center of mass:
-Dynamic and kinematic differential equations of rotational motion about the projectile center of mass (see Eqs. (38) and (39), respectively). -Equations for components of vector of projectile velocity with respect to the air v in the body axis system Oxyz
-Equations for angle of attack α and angle of sideslip β (see Eqs. (43) and (42), respectively). -Equations for initial conditions:
Results of numerical computations
Research into the effect of the mathematical model and integration step on the accuracy of the results of computation of artillery projectile flight parameters was done on an example of simulation of firing from a gun with the twist rate, η = 20 calibers, using Denel 155mm Assegai M2000 series artillery projectile (as the test projectile). See Fig. 3 for an overview and main dimensions, and Table 1 for physical characteristics, of the test projectile. Table 2 specifies the aerodynamic characteristics of the test projectile computed using PRODAS 3.5.3 software application from Arrow Tech for:
Linear interpolation was used for computing the values of aerodynamic characteristics between the nodal points. Numerical computations made during the simulation of firing with the test projectile under different mathematical models used different integration steps. To solve the differential equations of motion the Runge-Kutta method has been used. The values of the particular trajectory parameters obtained for successive incremented integration steps have been used for computing errors produced by each integration step based on the following equations:
where E r,hi -relative error in computation of particular trajectory parameters for i-th integration step relative to the parameters from step 
Conclusions
The results of computations (see Tables 3-8 for example values) substantiate the following conclusions:
1) The same computation accuracy can be obtained for different models by using different maximum integration steps, provided that using quasi-Euler angles (Bryan angles) or quaternions in kinematic equations has no effect on the value of integration step;
2) To obtain a defined computation accuracy for the particular trajectory parameters of the projectile, the model based on the body axis system should use the smallest integration step, the model based on the velocity axis system should use a 5 times larger integration step and the model based on the ground-fixed system should use even 100 times larger integration step;
3) To obtain computation accuracy of 0.1% for drift (y end ) and 0.02% for the remaining parameters, the model based on the body axis system should use an integration step enabling approx. 100 computations per projectile revolution (h = 0.01T where T -period of projectile rotation);
4) The computation results for the models based on the body axis and velocity axis systems are similar, but different from those provided by the model based on the ground-fixed system, specifically for the steep trajectory where total angle of attack α t becomes larger than 10 [deg] on the trajectory vertex. The cause of the difference is that, for the model based on the ground-fixed system, aerodynamic forces and moments depend on total angle of attack α t and the remaining models depend on angle of attack α and angle of sideslip β. Accordingly, total aerodynamic forces and moments computed using these models will be different because the following equation is true only for small angles of attack and sideslip:
5) The model based on the ground-fixed system, using direction cosines of the axes of symmetry of the projectile instead of quasi-Euler angles is the best mathematical model in terms of speed and computation accuracy. This model has one additional advantage: no singularities in the equations of motion, which happens in the other models for inclination angle of the projectile Θ = 90
• .
